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Abstract 

A definition is given and the physical meaning of quantum transforma¬ 
tions of a non-commutative configuration space (quantum group coactions) 
is discussed. It is shown that non-commutative coordinates which are trans¬ 
formed by quantum groups are the natural generalization of the notion of a 
tensor operator for usual groups and that the quantum group coactions in¬ 
duce semigroups of transformations of states of a system. Two examples of 
non-commutative transformations and the corresponding semigroups are con¬ 
sidered. 
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1 Introduction 


Symmetry concepts are of great importance in studying of physical problems: for model 
building, classification and essential simplification of calculations. As is well known, the 
mathematical background for treating of symmetries in classical and quantum physics is 
provided by the group theory (or by the theory of supergroups). More recently, new and 
more general algebraic objects, called quantum groups (see also, e.g. || and refs, 

therein), have attracted much interest. The mathematical theory of these new objects 
arose as an abstraction from constructions developed in the frame of the inverse scattering 
method of solution of quantum integrable models. On the other hand, the theory has 
proved to be so rich and powerful that it seems natural to apply it to different problems 
far beyond the original area, in particular to generalizations of such a basic physical 
notion as space-time symmetries. This is obviously necessary if space-time is supposed to 
be described by non-commutative coordinates. The construction of relativistic quantum 
theory in the frame of ’’quantum geometry”, i.e. geometry with non-commuting and/or 
discrete coordinates is an old dream of physicists [||, ||. [| (see also [7j and refs, therein), 
the reason being the hope to obtain in this way quantum theory with improved ultraviolet 
properties and new insight on the underlying space-time geometry. Though these attempts 
to construct such models were not very successful because of lacking of corresponding 
deformed relativistic symmetry principles, it is generally believed that the picture of 
space-time as a manifold should break down at very short distances (of the order of the 
Planck length). The uncertainty relations which appear due to gravitational effects at the 
Planck scale naturally lead to the conjecture about non-commutativity of the coordinates 

i- 

If one looks for some symmetries in spaces of this type, the first natural problem is to 
find (linear) transformations which leave the commutation relations invariant. However, 
in general there are no such transformations with c-number coefficients. One of the basic 
ideas of quantum group theory is to consider transformations of more general type: with 
matrix elements of transformations being also non-commutative with each other 

x l —> x' * = M l j®x^ , i, j = 1, ...,n , (1) 

where both the coordinates x l and the matrix elements M l ■ of the transformation are 
non-commutative (the tensor product sign stresses that the coordinates commute with all 
the matrix elements). 

Mathematical theory of these objects (quantum groups and quantum spaces) has been 
well developed by now (for a review see, e.g. |3[). The physical meaning of (|Ij), in the 
case of interpretation of x l as space-time coordinates, is still to be understood. The 
straightforward attempts made in plenty of works to consider transformations induced 
by ([[]) on the level of “fields” 0(x) and to construct corresponding covariant equations of 
motion, etc. have not brought much understanding because the very notion of (quantum) 
fields depending on non-commutative coordinates is not well defined. An interesting 
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discussion of the problem of a correct definition and possible consequences of quantum 
space-time symmetries is contained in [9]. However, our treatment essentially differs 
from that in [fj. In particular, we do not assume that parameters responsible for non¬ 
commutativity of coordinates depend on the Planck constant Ti and do not consider that 
non-commutativity of the algebra of functions on a quantum group by necessity implies 
their dynamical character and therefore brings extra degrees of freedom after the quantum 
group transformation ([[]). 

The problem of construction of representations of the operators entering ([!]) important 
for physical analysis of the non-commutative trasformations as well as the problem of 
decomposition of tensor products of these representations were posed and considered on 
a number of examples in the work [TO]. In the case of internal symmetries the meaning 


of quantum group transformations was discussed in [TI 


In this paper we aims at the formulation of the notion of quantum groups of trans¬ 
formations and space-time symmetry and the derivation of transformations of states of a 
system induced by ([!]). We shall show that the cotransformations ([!]) result in appear¬ 
ance of semigroups of transformations of representation spaces of algebras of functions 
on quantum spaces and that the cotransformations ( 0 ) can be understood as the natural 
generalization of the well known notion of tensor operators. 

Another problem which arise in construction of models based on non-commutative 
space-time is to connect the low energy description of particles in frame of a commu¬ 
tative geometry and the description of particles at high energy (small distances) feeling 
q-deformation of the space-time. To clarify this point, remind how the analogous situation 
looks in the superstring theory [ll|. Low energy particles correspond to string zero modes. 
If one considers their scattering, specific for string theory heavy modes come to the play 
as intermediate states only, essentially improving ultraviolet behaviour of amplitudes, but 
giving negligible contribution to their finite parts. Thus the existence of superstrings does 
not contradict to the low energy phenomenology based on ordinary quantum held theory. 
Unfortunately, an analogous consistent picture for a held theory based on space-time with 
non-commutative coordinates is absent. 

A natural step (at least at the preliminary stage) towards the understanding of the 
relation between the low energy phenomenology and physics in q-deformed space-time is 
to reduce the number of non-commuting observables of a system with non-commuting 
geometry. In [13|] the one possible way to achieve this has been considered. It was proved 
that making use of the so-called quantum group twists, one can choose in the special class 
of quantum spaces the coordinate frame with commuting coordinates. In such a frame 
there are not serious problems with definition of particle states. On the other hand, the 
differential calculus for these spaces still remains deformed and this implies lattice-like 
structure of the theory. 

In this paper we shall consider another possibility based on quantum geometry which 
corresponds to non-commutative coordinates but commutative components of momenta. 
In a sense, this way even more natural because asymptotic states in quantum held theory 
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are defined usually as eigenstates of momentum operators. 

In the next section we shall start the consideration from the simplest example of 
Lie algebra su( 2) which we interpret as non-commutative configuration space. Section 3 
contains general definitions and constructions extracted from the discussion of this simple 
example. In Section 4 we shall apply the results to the important example of the deformed 
Minkowski space which corresponds to the so-called K-Poincare group |T4], [T3|, |TB[ (for 
simplicity we shall consider two-dimensional case). 


2 The toy model: p-top 

Consider the cotangent fibre bundle T*SU( 2) as a phase space of our “toy” model sys¬ 
tem. Of course, usual classical and quantum mechanical treatment of this phase space 
corresponds to the well known classical or quantum top: points of SU{2) parameterize 
positions of a solid body (configuration subspace) and points of fibers parameterize (an¬ 
gular) momenta (see e.g. 0 0)- We intend to look at this mathematical object from 
another point of view. Let us consider the group manifold SU(2) as the momentum sub¬ 
manifold of the phase space and a cotangent fibre of T*SU(2 ) as the coordinate subspace. 
From a formal point of view and before a choice of a Hamiltonian, the very exchange 
of coordinates and momenta does not bring essentially new features to the theory. But 
the physical content of the model becomes quite different: in particular, the momentum 
subspace becomes compact. It is clear, that a quantum held theory, based on such a phase 
space of a single particle, would not have any ultraviolet divergences. On the other hand, 
a free particle moving with a constant momentum (and commuting components of the 
momentum, which are nothing but the group parameters of SU{2)) does not feel global 
topological properties of the phase space and hence in- and out -states seems to exist in 
this theory in the usual sense (we leave the problem of relation between Euclidean and 
pseudo-Euclidean held theories in this case and, perhaps, some other problems aside). Re¬ 
mind that the theories of this type were considered long ago by Snyder, Kadyshevsky and 
Gol’fandlll. However, these models were formulated directly at the level of Feynman 
rules in quantum held theory and suffered from the absence of general (symmetry) prin¬ 
ciples for their construction. As is well known, the most important, basic and effective 
principle for a construction of physical models is the requirement of an appropriate sym¬ 
metry (with respect to Lie group transformations, or infinite dimensional gauge groups, or 
supergroups, etc.). As coordinates of the configuration space of the system under consid¬ 
eration are obviously related to non-commutative Lie algebra su( 2), the transformations 
are expected to have non-commutative parameters, i.e. to be a kind of quantum group 
transformations. Keeping this in mind, let us discuss possible transformations and their 
meaning in more details. For shortness we shall call our system “p-top”. 

A point of the phase space T*SU( 2) is parameterized by £ = (g, u), where g G SU( 2) 
and a; parameterizes points in the space su*( 2) dual to the Lie algebra su( 2). A cotangent 
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bundle over Lie group admits global left (or right) trivialization ||T7| , |TE 

(tt. A) : T*SU(2) —> SU ( 2 ) x su*{2 ) , 

where tt is canonical projection n : T*SU( 2 ) —> SU( 2 ), and A : T*SU{ 2 ) 
the left trivialization is defined by 

A(0 = W‘(0- ^™(2) , 


su*{2) for 


D ] 

77117712 


L is lifting of left translations on S77(2) to T*SU (2). Note that T*SU (2) (e is unit element 
of SU(2) ) is identified with sw*(2). Right trivialization is defined analogously. 

At this stage a non-commutative object, the Lie algebra su( 2 ), comes to the play (as 
the simple compact algebra su(2 ) has the invariant metric gij = S tJ , the difference between 
sw*(2) and su(2) is not essential). In our model we identify su*( 2) with the configuration 
subspace of the phase space T*SU( 2), and SU(2) as the momentum subspace. Skipping 
details of the quantization, we just remind the known result: quantization of such a 
system corresponds to the construction of regular representation of the corresponding 
Lie group, in our case SU{2) group. The regular representation of SU(2 ) is realized in 
the Hilbert space Ft = L 2 (S ®) with the basis formed by the rotation matrix elements 
(hi), fle £ (3) , j = 0 , 1 / 2 , 1 ,...; -j < mi,m 2 < j (see, e.g. flip). 

Thus after the quantization we have three non-commutative “coordinates” J, e su( 2), 
i — 1, 2, 3 of the configuration space ([./,;, Jj\ = ieijkJk) and the (commutative) parameters 
of SU(2 ) (i.e., coordinates on S^), which correspond to momenta. At first sight, this 
may cause the problem: representations of su( 2 ) are labeled by two numbers, \j, m) , i.e. 
by eigenvalues of the Casimir operator J 2 and the projection J 3 , while in the momentum 
subspace we have three commuting operators and, hence, vectors in the Hilbert space 
are labeled by three quantum numbers, \a,/3, 7 ). Of course, in all cases one has to 
choose a maximal set of commuting operators in the whole algebra of observables Osu( 2 ), 
which contains the universal enveloping algebra U(su( 2)) of the Lie algebra su( 2) and 
the algebra of functions Fun(SU(2 )) on £77(2) as the subalgebras, the multiplication of 
an element from U(su( 2)) and an element from Fun(SU( 2)) being defined by the action 
of the su( 2) vector fields on Fun(SU(2 )). In particular, one can use, together with the 
left invariant vector holds ,//", the right invariant vector holds j/h The elements of these 
sets are commute with each other [J i L , jA] = 0, \/i,j = 1, 2, 3 and we can take the set of 
operators {(J L ) 2 , to define the basis vectors in Ft. Remind that (J L ) 2 = (J R ) 2 

and that the operators J R can be constructed of J R and elements of Fun(SU( 2)) (for 
the usual top these two sets correspond to the angular momenta in laboratory frame 
and hxed-body frame) fl20|. So the use of JA does not mean that we have expanded the 
algebra of observables. The basis vectors of L 2 (£( 3 )), i.e. rotation matrix elements, are 
the eigenfunctions of the chosen set 
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J 3 D rnim ,2 = 


J 3 DS m 1 m 2 = m 2 DJ m im2 
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Thus, if a quantum space is used as the deformed configuration space, one has to construct 
the maximal set of commuting operators from the complete algebra of both coordinate 
and momentum subspaces. Although in the present example this statement sounds al¬ 
most trivially, let us note that in most works devoted to quantum space-time geometries, 
coordinate or momentum subspaces are studied separately. 

By the definition, the Hamiltonian H of a free particle must be independent on coor¬ 
dinates of the configuration space and be a function of the SU( 2) group parameters only: 
H = H(a,/3, 7 ). This means that it does not depend on values of operators J \ j , J R and 
we may try to define an analog of translational invariance of our system, i.e. invariance 
with respect to addition of the non-commutative coordinates. Fortunately, in our case 
this is equivalent (from the mathematical point of view) to the well known addition of 
angular momenta of a quantum system: J[ L = .// J + S R , where satisfy the su( 2) Lie 
algebra relations ([S R , S R ] = i£ijkS and are considered as the (non-commuting) param¬ 
eters of the quantum transformation (translation) group. The same equality is fulfilled for 
the right-invariant generators: J[ R = J R + S R , because they related to by the group 
transformation | 20|| : J R = gJ R g~\ geSU( 2). 


The operators J- L , J' R act in the tensor product space Hg^'H, where Hq = L 2 (S ( ' 3 ' > ) is 
the Hilbert space of representation of the algebra of functions on our quantum translation 
group, i.e. the algebra generated by the operators S^ R \ In this specific case Hq and 
7i are isomorphic. Thus the mathematically more correct form for the addition of the 
non-commutative operators is to introduce the homomorphism 


5 : U{su{ 2 )) — >U{su{2))®U{su{2)) , 


( 2 ) 


where 5 (coaction in the notation of the quantum group theory ll i I) is defined as 
follows 

J[ L{R) = 5{J B{R) ) = 1 ®J B(R) + S^ R) m . (3) 


One can continue the chain of such cotransformations: 
j" L (R) = 5(J' L{R) ) = 1(8)1 ®J R(R) 

+ l®Si (R) ®l+ St {R) ®l®l E U(su{2))®U(su(2))®U(su(2)) , 


etc. The invariance of the p-top with respect to this cotransformations means that prop¬ 
erties of the system do not depend on the way of the realization of the non-commutative 
coordinates either as elements of the algebra U(su{ 2)), or as the elements J', J", ... of the 
U(su{2)) subalgebra of the multiple tensor products U{su{2))®U(su(2))® ■ ■ ■ ®U(su( 2)). 

The transformed coordinates in (||) have the same commutation relations and, 

hence, the same representations as the initial coordinates J RR ■ This means that the 
coaction (g) induces for the p-top the map (|) S : 'Hu(su(2))®'Hu(su(2)) —> ^w( S n(2)) 

which defines the transformation of states from representation Hilbert space of the con¬ 
figuration space algebra {J{\ under the action of states from the representation space of 
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the algebra of functions (generated by Si) of the non-commutative translation group. In 
this particular case the map S is constructed with help of the well known Clebsh-Gordan 
coefficients m . The eigenstate \j, mi, m 2 ) of the set {( J L ) 2 , J%, J-f} is transformed 

under the action of the eigenstate | J, M 1; M 2 ) of the set {(S L ) 2 , S$, S%} (he. the vector 
from representation Hilbert space 'Hu( su { 2 )) of the non-commutative translation group) as 
follows 


|- 0 ') = 

= 5 Z CM 2 ] m 2 ,M 2 +m 2 l^> + TTli, M 2 + m 2 ) • ( 4 ) 

k 

Of course, mathematically this is usual formula for addition of two vectors of the regular 
representation. However, in the context of our consideration we interpret the combination 
C Mtm 1 ,Mi+m 1 C M 2 ,m 2 M 2 +m 2 as the matrix elements of the operator 

S(J, M 1 ,M 2 )\j,m 1 ,m 2 ) := S(\J, M U M 2 ), |j,mi,m 2 )) 

of the transformation of the vector \j, mi,m 2 ) under the (non-commutative) trans¬ 
lation with the parameter vector \J,Mi,M 2 ). As is seen from (|4j), only commutative 
subalgebra S^,S^ result in local transformation of the vector \j,mi,m 2 ) (the quantum 
numbers mi, m 2 are just shifted to m\ + Mi, m 2 + M 2 ) while transformations of the quan¬ 
tum number j are nonlocal and correspond in (|4|) to the sum over k (with the well known 
triangular condition ,/ — j < k < J + j for nonzero Clebsh-Gordan coefficients) contrary 
to the case of usual commutative translations for which one has \x') = T a \x) = \x + a). 

Let us consider the corresponding transformation of a wave function in the momentum 
representation. The wave function (a,/?, 7 \ip') can be rewritten as follows 

(a,/3, lW) = D3 m ima ( a >P>'Y)(j, "ii, m 2 1 J, M l: M 2 , i/>) 

j,mi ,7712 

= D 3 Ml+ n : M 2 +l( a i Pi ^IV’) 

= 7)(a,^,7l^) ■ ( 5 ) 

It is clear that the transformation laws (P and (P imply the corresponding transformation 
rules for quantum fields in coordinate or momentum representations. This, in turn, put 
the restrictions on possible forms of Lagrangians. 

Thus, the simple example (p-top) of models with non-commutative coordinate invari¬ 
ance, considered in this section, shows that there is natural generalization of the notion of 
a configuration space (or space-time) symmetry to the case of non-commutative “param¬ 
eters” of the transformations. While transformations of position operators are defined by 
the coaction of a quantum group, the dual space of states is transformed according to the 
rules of decomposition of tensor product of representations. 
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3 General definition of quantum space-time symme¬ 
tries 

After the preliminary consideration of the classical Lie group and algebra as an object 
with non-commutative symmetry, we proceed to the formulation of general definition of 
quantum symmetries. Let a quantum group G q coacts on a non-commutative space X q , 
i.e. there exists the homomorphic map 

5 : Fun q (X) —> Fun q (G)®Fun q (X ) , ( 6 ) 

(the algebra Fun q (X ) of functions on X q is the configuration space subalgebra of the 
algebra of all operators of the given quantum system). The system is invariant with respect 
to the quantum group transformations if all the properties of the system are independent on 
the coaction map 5. In other words, the algebra Fun q (X ) can be realized as the subalgebra 
of multiple tensor product Fun q (G)®Fun q (G)®...®Fun q {X ) and no measurements can 
distinguish the description based on the algebras with different numbers of the factors 
Fun q (G). 

At first sight, this definition of symmetry transformations may look quite unusual but, 
in fact, it is natural generalization of commutative transformations. Indeed, usual action 
of a group G of transformations of a manifold M. on a function / € Fun(JA) is defined 
by the equality [|K|| 

Tgf{x) ■■= f{g~ l x) , g £ G, x £ M . (7) 

The right hand side of this definition can be considered as the function defined on G x AL 
In other words, the transformations T defines the map 

T : Fun(M) —■> Fun(G)®Fun{M) . 

More customary map (f : G®M. —> Ad is defined for points of the manifolds, which play 
the role of the dual set of states for the commutative algebra of observables (functions) 
on usual manifolds. 

Returning to the transformations with non-commutative parameters, we define the 
map which is dual to the transformations (| 6 ]) of observables (operators), i.e. 

S : hi Gq ®'Hx q —* Tt Xq , (8) 

where TLc q and TL Xq are the Hilbert spaces of all representations of the algebras Fun q (G ) 
and Fun q (X). The duality relation {{A\if)) : 0®TLo —> C between an operator A from 
some algebra O and a vector if from the Hilbert space 7 do of the representations of 
this algebra, is defined by mean value of A in the state if : ((A\if)) = (if\A\if). The 
intertwining operator S is implicitly defined by the equation 

((5A|W)) = ((A|5(T,^))) , (9) 


7 


where T is arbitrary vector from FLg, ^ is arbitrary vector from Fix and 5( v h, , 0) G Fix- 
In fact, the usual definition (|7|) of the action of (classical, commutative) transformation 
groups in the space of functions on some homogeneous manifold A4 also has the general 
form (HI). Indeed, in this case the duality relation between the algebra Fun(M) and 
states, i.e. points of A4, is defined as follows 


((M) = f{x) , f G Fun(M), x E M . 

The same is true for the group manifold: 

((T\g)) = T g , T G Fun(G), geG . 

Thus (^) can be represented in the form 

((Sf\gm)) = ((T®f\g®x)) = T g f(x) = (( f\S(g,x ))) = ((flg^x)) = f{g~ l x) , 

where the third equality follows from ([)]) and in this special case S(g,x) = g _1 x. 

The essence of the cotransformations (coaction of a quantum group) © is that the 
primed operators x h (i — 1,..., n) have the same commutation relations (CR) as the initial 
ones x 1 (i = 1, In the theory of usual transformations the analogous objects are 

called tensor operators. 

Remind that if g —> D{g) is a finite dimensional representation of a Lie group G in a 
vector space Rand g —> U g is a unitary representation of G in a Hilbert space Ft, the set 
{T a }, a — 1,..., dim V of operators in Ft with the property 


T h = D i j (g)T j 


u-X'u, 


( 10 ) 


(D l j(g) is the matrix form of the representation D) is called a tensor operator. 

The expression for T n via the operators U g clearly shows that the transformed compo¬ 
nents of a tensor operator have the same CR as the initial ones. The second expression for 
T h via matrix elements D l • is similar to the quantum group coaction. However, essential 
difference from the case of a coaction of a quantum group ([!]) is that due to commutativ¬ 
ity of the matrix elements D l 3 (this is just numbers), the operators T n act in the same 
Hilbert space as the initial ones T l . 

To give clear physical meaning to space-time coaction we suggest to present it in the 
form analogous to ( | 10 |) 

Sx H = SMF®x j = x l S , ( 11 ) 


where now, of course, S is not an operator in the Hilbert space FLx q of representations of 
the algebra of functions Fun q (X ) on the quantum space X q . Instead, S defines the map 
(H|) with the concrete form of this map being defined by the duality relation (f|). Note 
that our definition is different from the existent definition of q-tensor operators [^ 1 ], ^2 


and from the definition of quantum internal symmetry given in [11 












From (|3|) and the discussion in the preceding section it follows that the matrix elements 
of the operator S in a chosen bases of 'H.G q ®'Hx q and TLx q play the role of generalized 
Clebsh-Gordan coefficients (GCGC). If the multiple index (set of quantum numbers) {m} 
defines basis vectors ^{m} of Hx q , and the set {A'} defines basis of 'Hg„i one can 

write 

*' = VV}) = £ , ( 12 ) 

0 } 


where are the se t °f GCGC. 

This relation can be rewritten also in the slightly different form 


$ = = E C W { 0({^})^1 i ( 13 ) 

{i} 


from which one can see that Sq, {K} plays the role analogous to that of U g in the formula 
([T 0 |) for usual groups and C'{ m }p>({A'}) = Cw}m is analog of the matrix representation 
a state ^{k} £ Ft c q being the analog of a point g on a group manifold. 

One can apply analogous consideration to the very quantum group G q which coacts 
on itself 

M') = A Mb = M\®M k j , (14) 

This leads to the corresponding transformation of vectors in H-Gq 

T' = 5(T {A ' } ,T {7V} ) = Sq, {K} (^ {N} ) = c \n] { l}^{l} i ( 15 ) 

{L} 


Two subsequent coactions of the form (|T4| ) induce composition of the transforma¬ 
tions (|15D and general properties of algebra representations provide its associativity (or, 
equivalently, this follows from the coassociativity of Hopf algebras). This means that the 
transformations (pffi|) form the semigroup. The trivial representation T{ 0 } £ 'Hc q corre¬ 
spond to the identity transformation. However, there is no inverse transformation for 
arbitrary . This means that the transformations (B),(0) do not form a group. 

An important problem is the explicit determination of GCGC. One possible way to 
do this is the direct generalization of the procedure in the case of su( 2) Lie algebra (see, 
e-g. 0 ). Applying left and right hand sides of ( 0 ) to the left and right hand sides of 
( 0 ) correspondingly, one obtains the equality (for the convenience and shortness we use 
Dirac bracket notations and drop curly brackets indicating that Ii, m ,... are multiindices) 


which can be rewritten as follows 


^(T i |M 4 i |T A -)(^ n |a;^ m )5(|T L )|^ n )) 

L,n 


I<) {lpn\x J \^m)Cn r \A) 

L,n,r 

J2 C ml(A\x l \^l)\A) ■ ( 16 ) 

l,r 
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This gives the consistency equations for GCGC 

Y, C t{^L\M l j \^ K )(^ n \x 3 \^ m ) = Y / C^ l (^ r \x l \^i) . (17) 

L,n l 

The equation ([17]) must be completed by the normalization conditions which follows from 
the normalization of vectors | K) and | m). 

Thus, we conclude that a quantum coaction on a quantum space X q induces the semi¬ 
group of transformations of the representation space 'Hx q of the algebra Fun(X q ) of func¬ 
tions on X q . 


4 Transformations on the two-dimensional /7-space 


In this section we shall consider the structure of transformations of a representation space 
Hx q in the case of the so-called At-deformation of the Poincare group and the corresponding 
AC- Minkowski space [14, 15, If]. For the sake of simplicity we will consider two-dimensional 
case. 

The advantage of this type of deformation is that momentum components of a particle 
remain commutative. As we discussed in the Introduction, this allows to define asymptotic 
states of a particle in the same way as in the undeformed case. 

We start from the short description of the two-dimensional Ac-Poincare group V^ and 
the corresponding Ac-Minkowski space. 

Technical merit of the Ac-deformation is that due to the bicrossproduct construction 
[LG]] it can be formulated in terms of usual Lie groups and algebras (the bicrossproduct 


is the appropriate generalization of the notion of the semidirect product of usual groups 

and 
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to the case of quantum groups). For the details we refer the reader to [15|, [16 
here we shall mention only the facts relevant to our further consideration. 

The algebra Fun K (V ^) can be constructed of two subalgebras, Fun(SO( 1,1) and 
Fun K (T ( ~ 2 ' 1 ) making use their bicrossproduct. The algebra Fun(SO{ 1,1) is generated by 
the commuting elements M p u (/i, v — 0,1) of 2 x 2 Lorentz matrix M with the natural 
Hopf structure 


A(M't) = M p p ®M p v , e{M) = I . 
S(M) = r J ~ 1 M T r] , 


(18) 


(here A is the comultiplication, e is the counity and S is the antipode; 7] is the Minkowski 
metric tensor: 7] = diag{—l, 1}). The pseudo-orthogonality of SO(l, 1) gives the relations 
M T r]M = rj , i.e. 

(M° 0 ) 2 - (M\f = 1 , M\ = M° 0 , M\ = M\ , (19) 

so that Fun(SO( 1,1)) has only one independent generator, e.g. M° 0 . 
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The algebra Fun K (T^) is generated by two independent elements with the following 
relations 


[u^u 1 ] = iku 1 , e(w M ) = 0 , (20) 

A(m m ) = td 1 ®! + l®i F , S(u») = -u p . ( 21 ) 


It is easy to recognize in this relations the standard Hopf algebra structure (cf, for example, 
[||]) of the undeformed Lie algebra igl( 1) of inhomogeneous transformations of real line 
(about this Lie algebra and the corresponding group IGL(1,1R) see, e.g. fT9| ). 

The complete Hopf algebra V^ = ISO K ( 1,1) is constructed as the bicrossproduct 
= T^ 2 )ixS'0 (1, 1) []r5|, with help of the structure map 

< : Fun(SO( 1, l))®Fun K (T (2) ) ->■ Fun(SO(l, 1)) 


which reads as 

M ° 0 < u° = m((M ° 0 ) 2 - 1) , M° q < u 1 = - 1) , 

(this means that Fun(SO( 1,1)) is a right Fuu K (T^ 2 ) )-module) and the coaction (3 : 
Fun K (T ( 2 )) -> Fun{SO{ 1,1 ))®Fun K (TW) 

i3{u p ) = M» v ®u v 

(this means that Fun K (T ^) is a left Fun(SO(l, l))-comodule). The maps < and f3 
in frame of the bicrossproduct construction give the following defining relations for the 
complete Hopf algebra Fun K (V^) (in addition to (|T 8 D,(fffi)) 

K,M° 0 ]=m((M° 0 ) 2 -l) , 

[« 1 ,M° 0 ]=iKM 1 o(M 0 o- 1), 

A(u") = u p ®l + M» v ®u v , S{u p ) = -rf v M p v r) pX u x 

(the comultiplication and antipode for u p in the complete V[A are different from those in 

n 2 \ cf. (Ei))- 

It is amusing that the quantum group = ISO K ( 1,1) is constructed from the usual 
Lie group SO( 1,1) and the usual Lie algebra igl( 1). Correspondingly, the dual quantum 
universal enveloping algebra U K (iso(l, 1)) is constructed from the Lie algebra so(l, 1) and 
Lie group IGL( 1,1R) (the defining relations for U K (iso( 1,1)) can be found in fL|, |l^, p~ 6 | ). 

The non-commutative coordinates x 0 ,^ 1 of the two-dimensional k -Minkowski space 
Adj- 2 * have the commutation relations similar to those for the “parameters” of translations 
u p of V^ 

[x°, x 1 ] = inx 1 , (23) 
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i.e. form the Lie algebra igl{ 1). From the discussed structure of V^ it is clear that 
the conjugate components of momenta parameterize the Lie group IGL( 1,11). Thus 
the ^-Minkowski space has the same general structure as the toy model considered in 
Section 2 and as the non-commutative space-time considered long ago by Snyder, Kady- 
shevsky and Gol’fand I BlUe- with space-time coordinates being a Lie algebra and 
the conjugate components of momenta parameterizing the corresponding Lie group. This 
fact considerably helps in constructing representations of Fun K (M ^) and, moreover, 
representations of the complete algebra of coordinates on and components of mo¬ 

mentum: they correspond to the regular representation of the group /GL(1,1R). The 
latter is constructed in the space Lf M ( 2 ) = L 2 (1 Rv 2 ), of quadratically integrable functions 
f(g) — f(b,a), g G IGL( 1,1R) defined on upper half-plane {a > 0, —oo < b < oo}, the 
domain of variation of the parameters of IGL( 1,IR). Note that if IGL( 1, IR) is considered 
as the group of transformations of real line, the parameter a corresponds to dilatations 
(they form multiplicative subgroup 1R + of positive numbers), and b corresponds to trans¬ 
lations (which form additive subgroup IR). Of course, in our case they have quite another 
physical meaning of the components of momenta on Mi f f 

The (right) regular representation on Ti u ( 2 ) is defined by the equality (cf., e.g. [|L9| ) 


RgJ(g) = f(ggo) , 


(24) 


where the group multiplication has the form 


g(b i, ai)g(b 2 , a 2 ) = g[b i + aib 2 , aia 2 ) . 

To decompose H .a 2 ) to the irreducible components, consider the subspaces 7 i x (2 ) , A G 1R 
of functions of the form 

f\(b, a) := I dte-‘ tx f(b + t,a ) , 

with the property 

f x (b + b 0 ,a) = e iboX f x (b,a) . 

It is easy to check that the subspaces 7d A ^ (2 ) are invariant with respect to transformations 
from JGL(1,]R). It is clear, that for any f x G H x (2 ) one has 

f X (b , a) = e lbX f x ( 0, a) = e lbX cj)(a ) , (25) 


so that the irreducible representation R x (g) of IGL( 1,1R) is constructed in the space 
R X X4 ( 2 ) of functions (j) on a half-line 0 < C, < 00 and has the form 

(g(b,a))(j)(£) = e Ab? 0(aO . 


(in fact these representations are induced by the one-dimensional representations of the 
translation subgroup T ^ of elements g(b, 1), see JT9[] ). Moreover, the representations 


12 











R\ and R p are unitary equivalent if A — PH for some p > 0 
only two inequivalent representations of IGL{ 1,R) : R + and R-. 
f(b, a) 


H5J. Thus there exists 
Arbitrary function 


G H m ( 2 ) is decomposed into the irreducible components as follows 


/(M) = ^ / dXf x (b,a) 


The infinitesimal operators corresponding to a representation A a have the form 


d R = ad a (generator of dilatations) , 

t R = adb (generator of translations) , 

or, after the transition (^) to functions 0(£) of one variable, 

dn £,d x i i 

t R = i\£ . 


(26) 


(27) 


As we discussed above, these infinitesimal operators, being the right-invariant vector 
fields on IGL{ 1,R), play the role of (non-commutative) coordinates of the configuration 
subspace. Thus we identify 

x° = ind R , x 1 = intfi . 


In the same way as in the toy example of Section 2, to construct complete set of commuting 
operators, whose eigenvalues label vectors in 7i ( 2 ) one has to take into the consideration 

•J'Gi k, 

the left-invariant vector fields 

d R = ad a + bdb (left generator of dilatations) , 

tj j = db (left generator of translations) . 

One can immediately see, that the quantum number A, which distinguish different sub¬ 
spaces 7i A (2 ) is just the eigenvalue of t R . Diagonalizing one of the right-invariant opera- 
tors, e.g. t r, so that 

A,fc(0 = ik\(j)x,k(0 , 

we come to the basis of ( 2 ), labelled by two numbers A ,k G 1R. From the point 

of view of quantum mechanics on IGL(1,H) the functions </>A,fc(0 are eigenfunctions 

of the coordinate operators and the existence of the two quantum numbers (“values of 

coordinates”) corresponds to the two commuting components a and b of momenta. The 

scalar product on 7i x (2) reads as 
K' 

{</>,$)=[ 0(0^(0 ■ (28) 
Jo £ 
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The right invariance of the measure in ( |2H| ) provides unitarity of the representations R\. 
For the sake of convenience we shall use another variable y : £ = e y , y G R. The 

operators of coordinates now take the form 

x° = indy , x 1 = —n\e y , (29) 


and the scalar product is the usual one on the whole real line 

POO _ 

(</ ) ,' 0 )=/ <f>{y)^{y)dy. 


The next step is the construction of the representations of Fun K (V ^). The CR (p^) for 
translation “parameters” vP^u 1 is the same as that for the quantum coordinates x^x 1 

) for the additional operators M° 0 , M\ (with the relation (|I9|)) 


(see (|D). The CR ( 

look rather complicated because of the nonlinear right hand sides. To simplify them and 
to resolve the constraint (p9|) let us introduce the operator v such that 


M ° 0 = M\ = 


v 2 + l 


M\ — M\ — ±- 


2v 


v 2 - 1 ’ 1 u v 2 -1 


One can check that the operator v has much simpler commutation relations 


|U, U \ = IK 


Moreover, the operator 


A = ~{v}v + vu 1 ) — u° = u l v — u° + in , 


(30) 


(31) 


commutes with all the operators of the algebra, i.e. this is the central operator of the 
algebra (p 0 |),(p 0 |), and, hence, its eigenvalues defines different irreducible representations. 
From ( 0 ) it follows that the operator v has the general form 

v = (m 1 ) _ 1 (m° + A) , A = A — in ; A, k € 1R (32) 


(we use the same character for the central operator A and for its eigenvalues). Note that 
the operator u 1 ~ e y is obviously invertible one. 

Thus the representations of Fun K (V^) are realized in the same Hilbert space 7i = 
L 2 (]R) as the representations of Fun K (M. ^) with the only addition that the representa¬ 
tions of the operators from Fun K (V ®) carry one more quantum number A. 

The transformations (|T2| ) in the case of and take the form 

‘ 5 (I^A 1 ,A 1 ,y 1 )|^A 2 , 2 / 2 )) = J d\ 3 dy 3 C(Ai, Ai, r/p A 2 , y 2 ; A 3 , yz)\^\ 3 ,y z ) , 
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where C^Ai, Ai, y\\ A 2 , 1 / 2 ', A 3 , y 3 ) is GCGC for the algebras Fun K {V and Fun^Ai^). 
Actually, this is the function of the continuous variables; that is why we write the pa¬ 
rameters of the representations Ai, Ai, yi; A 2 ,?/ 2 ; A 3 , y 3 as arguments of the function and 
not as indices (cf. (p~ 2 D) . Using the bases of eigenfunctions of u 1 in 7i v (2) and x 1 in 
H m ( 2 ) (i.e. 5-functions) and the general condition ( |T7| ) one obtains two equations for 
G(Ai, Ai, 2 / 1 ; A 2 , y 2 ] A 3 , y 3 ) 


d y2 ( 1 + 2J| 1} Ji 1} ) - zA 2 e 2 / 2 (jj 1) + Ji 1} ) 
d y2 (jf + Ji 3) ) - i\ 2 e y \ 1 + 2J| 1} Ji 1} ) 


+ d yi — d y3 C( A 1; Ai, yi ; A 2 , y 2l A 3 , y 3 ) — 0 , 
- zAie yi + iA 3 e y3 l C(Ai, Ai, yp A 2 , y 2 ; A 3 , ?/ 3 ) 


0, 


where 




= ± 


lift; x Aj x e yi {ind yi — A*) 


n -1 


These equations are rather complicated and the explicit form of GCGC for Fun^V^ 2 ’) 
and Fun K (A4^ 2 >) will be considered elsewhere. 


5 Conclusion 


We have shown that quantum group ^transformations ([h) of quantum configuration space 
(or space-time) coordinates can be represented as the natural generalization (cf. 0 ,( 1 ) 
of transformations of tensor operators in the usual group theory. This implies, in turn, that 
the cotransformations induce the semigroup of transformations dl2|) in the Hilbert space of 
representations of the algebra of functions on a quantum space. These transformations are 
defined by the generalized Clebsh-Gordan coefficients, describing decomposition of tensor 
products of representations of algebras of functions on quantum spaces and representations 
of the corresponding quantum group. We have considered the interesting example of two- 
dimensional K-Minkowski space and K-Poincare group. The explicit form of the generalized 
Clebsh-Gordan coefficients and, hence, of transformations of Hilbert space of states of a 
particle in the K-deformed space-time are defined by the complicated differential equations. 

The interesting feature of the K-Minkowski space is that it has the general structure of 
the models with non-commutative space-time suggested long ago 0 , 1 , 1 , but with very 
essential advantage of having well defined quantum group of (co)transformations, namely 
the ^-Poincare group. However, we have to note that A 4^ is based on the noncompact 
Lie algebra and the conjugate momenta parameterize the non-compact Lie group. Thus 
there is no evidence that results in ultraviolet finite quantum held theory (because 
of momentum integration over infinite volume). On the other hand, it is known that 
the realistic compact space-time can be constructed via conformal compactihcation (see, 
e.g. |p4|, ^5|1 ). It would be very interesting to fold non-commutative symmetries for such 
models. This would probably open the way for construction of ultraviolet regularized 
theories with adequate space-time symmetries. 
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